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Enhancement of the Production Rate in Chemical Reactions with Thresholds

W. Hohmann, D. Lebender, J. Mtler, N. Schinor, and F. W. Schneider*
Institute of Physical Chemistry, Urersity of Wuzburg, Am Hubland D-97074 Wzburg, Germany
Receied: July 11, 1997

In nonlinear chemical reactions with threshold properties, exceptionally large enhancements of the production
rate in a chemical flow reactor may be achieved by external periodic forcing. A threshold may be represented
by the turning point in a bistability curve or by a Hopf bifurcation between a focal steady state and a limit
cycle. Since the production rate is equal to the (mathematical) product of the flow rate and the reaction
yield, large production rate enhancements will be achieved at high flow rates with short pulses to lower flow
rates if the product yield increases with decreasing flow rate into the reactor. Sinusoidal flow rate perturbations
and perturbations using short pulses give equally large production rate enhancements over the free running
reaction if the comparison is made at the same average flow rate. If the comparison is made for identical
perturbation amplitudes, the pulse perturbations lead to larger production rate enhancements than the sinusoidal
perturbations. An easy way to achieve unusually large production rate enhancemEdR84) is to simply

turn the flow rate periodically on and off in analogy to the bang-bang method. This is demonstrated
experimentally in the minimal bromate oscillator using a subcritical Hopf bifurcation as a threshold and by
corresponding NFT model calculations.

Introduction
0.00024
One of the important goals in chemical synthesis is the ., _SS1
optimization of product formation from a given amount of 0.00021 \\‘\—\
reagents. A vast literature existd® dealing with the cyclic FBR\“
operation of chemical reactions in open systems. In this work F
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we focus our attention to a nonlinear chemical reaction with ~ S
threshold properties, which shows a dramatic enhancement in 3
=.0.00015

the rate of product formation when the threshold is periodically
crossed by a control variable such as the flow rate in an
isothermal continuous flow stirred tank reactor (CSTR). A
threshold may be represented by a subcritical Hopf bifurcation

as in the present minimal bromate oscillator or by a turning 0.00009

point of a bistability at which the (average) product concentra- a 0001 0.002 0.003 0.004 0.005

tion changes substantially. ’ " Flowrate [1/s] ’
The rate of product formation (or production rate PR) may

be enhanced by operating at increased flow rates and yields, 1 HB,

since PR is proportional to the (mathematical) product of the
flow rate () and the product concentration. However, if the
reaction yield decreases with increaskags in the bifurcation
diagram of the minimal bromate oscillator (Figure 1a), a
simultaneous increase of both the product concentration and the
flow rate is not possible. Instead, a periodic operation is sug-
gested that carries the high yield advantage (at kgwfor a
sufficiently long time into the highkg region where thd; term
makes a large contribution to the PR. Thus, large PR enhance-
ments may be produced. These enhancements may be compared
for two types of modulations of the flow rate, namely for
sinusoidal and pulsed modulationsf either at the sapegage % 0.001 0,002 0.003 0.004 0.005
flow rate or at the same flow amplitudes. Another possibility Flowrate [1/5]

is to switch the flow rate periodically on and off in a bang-

bang-llk_e _fashlon. This simple procedure turns out to be the Ce(IV) concentration versus flow rate. S@ocal steady state), HB
most efficient way to enhance the rate of product formation in g hercritical Hopf bifurcation), P(oscillations of period one), HB

the present system. The bang-bang control strategy is known(subcritical Hopf bifurcation), and $%focal steady state). (b) Normal-

to be optimad? for control problems that are linear in the control ized production rate versus flow rate in the autonomous MB reaction.

variables such as in the flow rate into a CSTR. The normajize_d average produc_tion rate PR displays an almost linear
Thus, in threshold systems, average experimental productionincrease with increasing. A maximum  ~ 0.0033 s%) is observed

rates are dramatically enhanced over the maximum prod Ct.onclose to HB, which we normalize to unity (values exceeding unity
Ically v Ximum product represent enhancements (Figuress)). In the focal steady state §S

the production rate is lower than unity due to the declining [Ce(IV)]
® Abstract published irAdvance ACS Abstractdyovember 15, 1997. (Figure 1a).
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Figure 1. (a) Experimental bifurcation diagram of the MB reaction:

S1089-5639(97)02266-4 CCC: $14.00 © 1997 American Chemical Society



Enhancement of the Production Rate J. Phys. Chem. A, Vol. 101, No. 48, 1999133

rate in the free running CSTR mode or over any periodically important to note that the region of coexistence of the oscillatory
driven state in which a threshold is not crossed as we state and the focus at the subcritical HBrns out to be too
demonstrate with experiments using the minimal bromate narrow to be resolved experimentally in this case. This is in
reaction (MB}° and the corresponding NoyeEield—Thomp- agreement with our NFT model simulations. The subcritical
son (NFT) modef® The MB reaction describes the oscillatory Hopf bifurcation represents the threshold for the “hard genera-
interconversion between Ce(lll) and Ce(lV) in the presence of tion” of large amplitude Ce(lV) oscillations.

bromate and bromide in sulfuric acid solution. It represents In the free running mode of the autonomous reaction (Figure
the inorganic part of the Belousewhabotinsky reaction, and  1a), the average production rate (eq 1) rises almost linearly and
its mechanism is well understod¥?! Together with bromate  displays a maximum (ke 0.0033 s?) close to HB (Figure

and bromide, Ce(lll) is one of the educts and Ce(lV) is 1b), which we normalize to unity since we are interested in the
considered to be one of the products of the reaction that takesenhancement above this value due to (later) periodic crossings

place in a continuous flow stirred tank reactor. of the threshold. Eventually, the production rate declines to
_ zero at very high flow rates where product formation approaches
Production Rate zero. Therefore, the following production rate enhancements

The production rate is defined as the mathematical product "€ compared with the maximum production ratk at 0.0033

_ 1 : SO
of the flow ratek; and the product concentration [Ce(IV)] at S N the free running mode unless otherwise indicated.

the particular flow rate. Its dimension is mol/(L s). Since the  Sinusoidal Modulation of the Flow Rate. To achieve the
PR may be measured in the efluent of the CSTR, its value is desired enhancement of the Ce(lV) production rate, a flow rate

zero whenk; = 0, i.e., when the reaction occurs in the batch. modulation is introduced. Sinusoidal perturbations are applied

. . . 0 i
However, the batch system is not of any interest here. Since© the flow rateks® according to
neither the product concentration (yield) nor the flow rate remain

constant during the flow perturbations, the average PRJPR ke = kfo(l + arsin(t)) @)
is calculated according to
wherek? represents the constant average flow rate at a chosen
1N focal steady statay is the amplitude of the sine function, and
PR,==Y k-[Ce(IV)], (1) w is the frequency of the forcing function. In the following
N&= experiments (Figure 2), the average flow rate is chosen to be

19% ° = 0.0040 s?) above HB. The modulation amplitude
where N is the number of experimentab@100 per single is chosen such that the flow rate crosses; lgBriodically into
experiment) and theoretical-60 000 per single simulation) data  the oscillatory region (Figure 2a,c,e; far = 0.3). As a

points, respectively. consequence the chemical reaction responds with Ce(IV)
. oscillations of relatively high amplitude (Figure 2b,d,f). For
Comparisons of PR Enhancements perturbation periods of 125 s (Figure 2a) and larger, the system

The enhancement of the production rate for sinusoidal and "€Sponds with one oscillation per perturbation period (1:1)
for pulsed flow rate perturbations may be compared either at (Figure 2b). For a shorter period (100 s) (Figure 2c) the system
the same flow frequency and flow amplitude or, more com- IS still in the refractory state when thre Hopf blfurcatlorr is crossed
monly, at the same average flow rate. However, a comparisonfor the subsequent time by the forcing function leading to a 1:2
at the same average flow rate will require large sinusoidal r¢Sponse (Figure 2d), whereas a low perturbation period (50 s)
amplitudes that are difficult to be realized experimentally in (Figure 2e) leads to complex oscillations of lower period and
our system. Therefore we carry out the comparisons at the samdarger amplitude.

average flow rates only in our NFT model simulations. PR Enhancement. The average production rate (Figure 4a)
is high at perturbation periods for which the ratio between the
Experimental Section response period and the perturbation period is 1:1. The higher

) the perturbation amplitude, the higher the production rate
A shortened spectrophotometric cell (1 cm path length) serves g pancement. The maximum PR enhancements are 28% at

asa CSTR(1.5mL vqume_, 25.0C). A precise syringe PUMP  — 5 (T =200s)and 24% at = 0.3 (T = 125 s). For periods
(regulated by a computer via a DA/AD converter) delivers three g0 than 200 s (125 s), the production rate enhancement

reactant fged streams that enter through a Tfflon StOPPET: yaclines between 200 and 175 s (between 125 and 100 s (Figure
sulfuric acid (1.5 M), cerous(lll) sulfate (X 1074 M) and 2d)) for & = 0.2 @ = 0.3) since the above ratio changes to

potassium bromide (4.6 10°* M), and potassium bromate  1.5" A increase of the production rate follows until the system
(0.10 M) as reactor concentrations. The outflow occurs through oqh0nds with complex oscillations at periods smaller than 100
a tube in the middle of the stopper. The stirring rate is 1200 ¢ (50 s) fora. = 0.2 (@ = 0.3) for which the PR enhancement
rom. Data are computer-collected at 1 Hz. The Ce(lV) {acreases.

concentration is monitored spectrophotometrically at 350 nm.  p|,1sed Modulation of the Flow Rate. The optimal pertur-

bation function turns out to be a short rectangular pulsk,in

Results and Discussion since a (negative) pulse leads to a (short time) operation at a

Bifurcation Diagram, PR in the Free Running Mode. The low flow ratek; min Where the yield is high (Figure 1a) followed
experimental bifurcation diagram summarizes the observed by a long-time operation at high flow rat&smax. This pulsed
dynamic states (focal steady stateg 8&d S, limit cycle Py) operation of the flow rate frorks min to ki max iS @analogous to

in the autonomous MB reaction as a function of flow rate (Figure the “bang-bang” method known in chemical engineefhg.
1la). Atalow flow rate k = 0.0021 s?), there is a supercritical ~ There are a number of parameters still to be optimized such as
Hopf bifurcation (HB) where the focal steady state;:3®anges the pulse amplitude, the pulse length, the interval between two
into the oscillatory stateP The periods increase between 200 pulses, and the “distance” of the chosen focus from BiBthe

and 500 s with increasing flow rate. At a higher flow rake (  SS branch. It is evident that the calculated average flow rate
= 0.0034 s?), a subcritical Hopf bifurcation HBis observed. in the pulsed mode increases with decreasing pulse length, where
Here the oscillatory state changes into a focal steady state whosé¢he pulse interval is the difference between the pulse period
Ce(lV) concentration decreases with increasikg It is and the pulse length.
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Figure 2. Sine perturbation functions of the flow rate with periods  Figure 3. Short rectangular pulse perturbations (a, ¢, €) and resulting
() 125 s, (c) 100 s, (e) 50 s and resulting time series (b, d, f) for time series (b, d, f) in the MB experiment for pulse intervals 100 s (a).

o = 0.3 in the MB experiment &° = 0.0040 s*. At a lower ampli- For a pulse length of 20 s, the response in (b) is one oscillation per
tude @ = 0.2) the situation is qualitatively similar. The full line  perturbation period (1:1), PR enhancement 41%; (c) pulse length 10's,
indicates the averagks; the dotted line indicates the position of  response (d) is 1:2, PR enhancement 35%; () increased pulse amplitude
HB.. (minimal k is 80% below HB), response (f) is 1:1, PR enhancement

. . o . 45%. The full line indicates the averagg the dotted line indicates
For a comparison at the same flow amplitudes as in sinusoidal the position of HB.

forcing we set the maximak value equal to the maximal flow

rate during the sine perturbation@t= 0.3 (55% above HB ment is therefore due in large part to the higher average flow
while the flow rate during the pulse;(min) is adjusted to be rate in the pulsed experiments (although the flow rate amplitudes
equal to the minimal flow rate of the corresponding sine function are chosen to be identical for the sinusoidal and the rectangular
(17% below HB) (Figure 3a,c). For short rectangular pulses a perturbations in this case). For the shorter pulse length (10 s)
1:1 response (Figure 3b) with a higher production rate enhance-(Figure 3c), the system is still in the refractory state when the
ment (41%) than in the preceding sinusoidal operation (24%) Hopf bifurcation is crossed for a subsequent time leading to a
(Figure 2b) is measured at an optimal pulse length (20 s) andlower production rate enhancement (35%) due to a change of
pulse interval (100 s) (Figure 3a). Note that the time series of the ratio between the response period and the perturbation period
the response to the sine and the pulse perturbations show greafrom 1:1 to 1:2 (Figure 3d). However, an increase in the
similarities at identical perturbation frequencies (compare perturbation amplitude (Figure 3e) restores the 1:1 ratio (Figure
Figures 2b and 3b). The observed increase in the PR enhance3f) with a concomitant enhancement (45%) of the average
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TABLE 1: NFT Model (Stage e)! and Rate Constants

Amf)litude 03 ——

S Amplitude 02 - BrOs~ + Br- + 2H* — HBrO, + HOBr

= Sine Perturbations HBrO, + Br~ + H* — 2HOBr

g HOBr + Br~ + H* = Br, + H,0

£ BrOs~ + HBrO; + H* = 2BrO; + H,0

= f\/\ N Cé' + BrO, + H = Cé* + HBrO,

£ 20 [k s k=21s1M3

& 4N e ke=2.0x 1P s M2

2 e ks=8.0x 1P s TM~2 ks=11x 1®s?

T Ry ke=1.0x 10*s7*M~2 k4=20x 10 s M1
S 10 ks=6.5x 10F s TM~2 ks=24x 100s 1M1
S

ko)

3

o

lengths produce large production rate enhancements if the pulse

amplitudes are sufficiently large to obtain a 1:1 response. The

a 0 0 50 100 150 200 250 300 highest experimentally measured production rate enhancement
Period [s] in this work was 101% over the production rate at the same
average flow rate in the free running mode.
80 y " Model Simulations. We use stage e of the well-known
< P - 0% above HBy=— Noyes-Field—Thompson (NFT) mod&2tin computer simula-
s, ulse Perturbations  55% above HBg-+-- | / . : .
€ 19% above HB-&--- tions. Very good agreement is obtained with the experiments
g 60 1 for the parameters given in Table 1. The inflow species are
§ H* (1.5 M), Ce(lll) (1.5x 104 M), Br~ (3.0 x 1074 M), and
g BrOs;~ (0.06 M). The model calculations lead to a similar
w 40 t bifurcation diagram as in Figure 1a with a supercritical;HB
& ) 3.542x 103 s 1and a subcritical HBat 4.337x 103sL In
pe the optimally pulsed mode there is an almost linear increase of
-% 20 b g the production rate with increasirg (Figure 5a). When the
-§ e model simulations of the sinusoidal and the optimally pulsed
a modes (Figure 5a) are compared at the same average flow rate,
0 o . . . slightly larger PR enhancements{2%) are obtained for the
b © 50 100 150 200 optimized sinusoidal perturbations. For example, the PR
Interval [s] enhancements above the maximal free running PR is 25% (89%)
Figure 4. Production rate enhancement in the MB experiments (a) for the optimized sinusoidal perturbations and 23% (84%) for
versus sine perturbation period @t= 0.2 (dotted line) andr = 0.3 pulsed perturbations, respectively, ket'd = 0.0051 st (k29
(solid line) atk® = 0.0040 s* and (b) versus interval time using = 0.008 19 s!). We note that the optimized sinusoidal

rectangular pulse perturbationskavalues located 19%, 55%, and 90% ; ; ; ;
above HB on the SSbranch at an optimal puise length of 10 s. During perturbations require very large flow rate amplitudes, which may

each short pulse the minimuka value is 80% below HR i.e., near be difficult to Qchleve technically. .
zero flow rate. PR comparisons were also carried out at the same flow

amplitudes in the sinusoidal and pulsed operations. In all cases

production rate. In this particular case the minimal flow rate the pulsed mode lead to substantially higher PR enhancements
(80% below HB) is smaller than in the sinusoidal case. than the sinusoidal flow perturbations under the conditions of

If the production rate enhancements are calculated at theidentical flow rate amplitudes. The reason is that the flow rate
respective flow rates of the free running system (Figure 1b) pulses are unsymmetrical; i.e., the reaction spends more time
(and not at the maximal production rate in the free running mode at the higher flow rate than at lower flow rates. Thus, for this
at ki = 0.0033 s?), the experimental PR rate enhancements specific case, the average flow rate is effectively higher in the
are even higher, namely 60%, 56%, and 66% in parts b, d, andpulsed mode than in the sinusoidal mode leading to higher PR
f Figure 3, respectively. enhancements. Finally, in agreement with our experiments,

On- and Off-Modulation of the Flow Rate. In further pulse large flow rate enhancements may be obtained by simply turning
experiments using rectangular pulse perturbations (Figure 4b,the flow rate on and off in a periodic fashion. This turn-on/off
pulse length 10 s), the maximukavalues were located 19%, mode (bang-bang method) leads to high PR enhancements at
55%, and 90% above HBon the S$ branch, whereas the high average flow rates (above 0.007* fFigure 5a) where
minimum k; values were chosen to be 80% below HBs in ki min = 0). At the highest calculateki value &0.0087 s1),
Figure 3e). In this series the minimal flow rate is near zero, the average production rate in the pulsed mode~84%
which means it is practically switched off. This pulsed mode enhanced over the maximal production rate in the free run-
is another example of bang-bang control. Here, the highestning mode (at¢ = 4.1 x 103 s™%). If the pulsed production
average production rate enhancements measured were 22%ate is compared with the production rate at the same flow rate
45%, and 60% over thmaximumproduction rate in the free  as in the free running system, the enhancement is wB&0%
running reaction, respectively, or 36%, 66%, and 101% over (factor of 4.5 al¢ = 8.7 x 102 s71) of that in the unperturbed
the PR at theaverageflow rates of the free running reaction, case.
respectively. An example of a pulse pattern is shown in Figure It is interesting to calculate a practical quantity, namely, the
3e, whereks min is close to zero. Note that the average flow profit enhancement in threshold systems (PENTS) as the dif-
rate is similar to the experiment in Figure 3a whose pulse length ference between the profit in the pulsed mode and the maximal
is larger and PR enhancement is calculated to be smaller. Theprofit in the free running mode (& = 4.1 x 102 s™1). In
results show that PRincreases with increasirg values above general, the profit may be defined as the difference between
HB, and that the maximum of the PR enhancement is shifted the (monetary) value of the obtained product and the (monetary)
toward shorter pulse lengths intervals (Figure 4b), i.e., toward value of the reactants. The value of the product per unit time
higher pulse frequencies. The results of pulse experiments withis equal to the mathematical product of the average production
optimized pulse lengths generally show that relatively short pulse rate, the price p per mol/L of the initial reactants (Cglland
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variables may do as well. The usefulness of the production
rate enhancement in large scale chemical reactions remains to
be shown for industrial syntheses. To our knowledge the
phenomenon of the production rate enhancement in threshold
systems has not received attention so far in homogeneous
chemical reactions in the liquid phase.

Conclusions

The production rate in a reactor is maximal in the free running
mode at the reaction threshold (subcritical Hopf bifurcation) in
the MB reaction in which the reaction yield of Ce(lV) increases
with decreasing flow rate. The production rate is dramatically
enhanced for optimized short pulses of the flow rate. Sinusoidal
perturbations produce slightly larger enhancements if they are
compared at the same average flow rate with the pulsed
perturbations. However, the sinusoidal perturbations require
large flow rate amplitudes, which may be difficult to achieve
technically. If the comparison is made at the same amplitudes,
the pulsed mode produces larger PR enhancements than the
sinusoidal operation. In the pulsed mode an optimal production
rate enhancement over the free running mode has been achieved
by operating at very high flow rates and simply turning the feed-
pump periodically on and off, which may be easily realized in
any technical applications. Calculations of the NFT model are
in agreement with the experiments. The calculations show high
profit enhancements in the pulsed mode at high price ratios.
Production rate enhancement is not restricted to oscillatory
reactions; a nonoscillatory bistability will do as well although
with smaller PR enhancemerifs.
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